By compactifying the Bagger-Lambert-Gustavsson model on R 1,1 × S 1 , we obtain a new two dimensional massless field theory with dynamical fields valued in the Lie 3-algebra A coupled with an SO(1, 1) scalar and vector field which are valued in the set End(A) of the endomorphisms of the Lie 3-algebra. In the limit g BLG → ∞ the theory reduces to a supersymmetric Lie 3-valued generalization of the Green-Schwarz superstring in the light-cone gauge. *
Introduction
The lifting of the Nahm equation describing the fuzzy geometry of the D1-D3 intersection to the Basu-Harvey equations for M2-M5 system [1] has drawn the attention to the gauge theories with Lie 3-algebras A. The first d = 2 + 1 N = 8 superconformal field theory in which the Basu-Harvey equation plays the role of the BPS equation was recently proposed by Bagger and Lambert and Gustavsson (BLG) in [2, 3, 4, 5, 6] and it was conjectured to be an effective field theory on the world-volume of a stack of M2-branes. That interpretation is correct in particular systems of M2-branes such as M-branes on M-folds [7, 8] while in other cases the theory should be modified. Nevertheless, the original BLG-model represents an important field theory by itself as well as due to the insights it provides in the analysis of the degrees of freedom of the M-theory.
Since its discovery, important advances in understanding the structure of the BLGmodel and its relation with the Lie n-algebras have been made. By analysing the representations of the SO(4) gauge symmetry, it was shown that the OSp(8|4) superconformal symmetry is parity conserving and it was conjectured that the BLG-theory would be unique [9, 10] . In [11] , the same conclusion was drawn from the compatibility between the positive definite metric and the triple product. The boundary terms in the BLGtheory and the supersymmetry preserving marginal and mass deformations were discussed in [12, 13, 14, 15, 16] . In [17] , the authors discussed and classified the BPS states in the BLG-theory. The scalar field responsible for the reduction of the multiple M2-branes to the multiple D2-branes was interpreted in [18] . The gauge invariance of the theory and its ghost structure were investigated in [19, 20] . Extensions of the theory to Lie 3-algebra with Lorentz metric were discussed in [21, 22, 23, 24, 25] . Algebraic properties and different models based on BLG-theory were discussed extensively in the literature [27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49] . Properties of the partition functions were recently approached in [50, 51] . The supersymmetric construction of supersymmetric field theories for condensates of M2-branes was given in [52, 53, 56] . A non-linear extension of the BLG-model has been proposed in [54] .
One of the most interesting problems of the BLG-model is its relation with two dimensional field theories which arise naturally in the string theory. Important progress in this direction was made in [7, 55] where it was shown that the d = 1 + 2 maximally supersymmetric Yang-Mills on a stack of N D2-branes in D = 10 dimensional spacetime can be obtained from the BLG-model by a Higgs mechanism which generates Yang-Mills dynamics from topological Chern-Simons terms. However, the M2-branes can be dimensionally reduced to F1-string. Also, it is known that the M2-M5 system is obtained as the strong coupling, D = 11 limit of the F1-D4 configuration. That suggests that one should study the dimensional reduction of the BLG-model to two dimensions.
In this work we are going to investigate the compactification of the BLG-theory on R 1,1 × S 1 1 . The theory contains the A valued dynamical fields X I and Ψ A from the vector and spinor representation of SO (8) , respectively, as well as the topological fields A α and Φ which are an SO(1, 1) vector and scalar, respectively, and take values in End(A). The massless compactification modes produce a new type of field theory in two dimensions which has the Lie 3-algebra structure. In general, the terms containing A α and Φ break the two dimensional conformal symmetry, but it is not clear to us whether some of the original N = 8 superconformal symmetry is still preserved. If the conformal invariance in two dimensions is imposed, these terms vanish leaving behind a supersymmetric two dimensional field theory for X I and Ψ A which represents a simple generalization of the Green-Schwarz superstring in the light-cone gauge to a Lie 3-algebra valued superstring. This interpretation holds in the limit g BLG → ∞ if R 1,1 ×S 1 is embedded in to M 1,9 ×S 1 with the compactified direction of spacetime indentified with the compactified direction of the world-volume of the M2-branes. If a transversal direction of the spacetime is compactified instead, the SO(8) symmetry is broken to U(1) × SO(7) structure. This paper is organized as follows. In Section 2, we are going to review the results from the BLG-theory. The two dimensional action is obtained in Section 3. In the last section, we discuss the weak/strong coupling limit of the two dimensional theory as an independent non-associative field theory in two dimensions and in the context of M-theory.
BLG-theory
In this section we are going to review the BLG-theory following [2, 3, 4, 5] . The model describes an effective field theory living on the world-volume of a stack of M2-branes and it is formulated in terms of a set of an Euclidean Lie 3-algebra valued massless fields
Here, the indices of the bosonic fields I = 1, 2, . . . , 8 and µ = 0, 1, 2 refer to the vectorial representations of the transversal and longitudinal groups SO(8) and SO(1, 2), respectively. The field Ψ(x) is a d = 11 Majorana spinor subjected to the SO(8)
where A, B are spinor indices of eleven-dimensional Majorana spinor. If {T a } a=1,2,...N , denotes the (linear space) basis of the underlying N-dimensional Lie 3-algebra A, the fields have the following decomposition
where
(Our conventions for the Lie 3-algebra are the ones from [3] .) If the dimension of the elements of A is neglected, the number of the bosonic degrees of freedom exceeds the number of the fermionic degrees of freedom by one. Therefore, in order to produce a supersymmetric theory, the Lagrangian should contain a topological term for A µ . The supersymmetric action proposed in [2, 3] has the following form
The covariant derivatives are defined by the following relations
The action (3) has the SO(8) R-symmetry that acts on X I . Also, it is invariant under the on-shell supersymmetry transformations
where the spinorial parameter ǫ has opposite chirality from Ψ for the unbroken supersymmetry, i. e. Γ 012 ǫ = ǫ. The equations of motion derived from (3) are
where the gauge field is defined as
In order that the equations of motion be compatible with the gauge and supersymmetry transformations, the structure constants of A must satisfy the fundamental identity (see [3, 5] ). The unitarity of the theory could be guaranteed, in principle, if the trace form metric of A is positive definite. There is just one no-trivial Lie 3-algebra A that satisfies these restrictions, namely A 4 [11, 26, 27] . The uniqueness of the algebraic structure of the effective field theory has been a strong motivation for generalizing the theory given in the relation (3) to algebras without a positive definite metric and to new Lie 3-algebras [14, 29, 30, 21, 22, 23] .
In this section we are going to derive the two dimensional massless field theory obtained from the compactification of the BLG-model on R 1,1 × S 1 . The three dimensional metric is g µν = diag (−, +, R 2 ). We denote by y the compactified direction x 2 = y = Rθ where θ ∈ [0, 2π]. The fields are required to be periodic with respect to the direction y
where L = 2πR. As usual, the fields can be Fourier expanded in terms of the eigenfunctions Y n (y) of the operator y that satisfy the ortho-normalization relation
where m, n ∈ Z. From the reality of X 
where α = 0, 1 is the two dimensional worldsheet index. The compactification of X I a and A µab is standard. In order to compactify the spinor field we introduce the dreibein e Here, i, j = 0, 1 are two dimensional tangent space indices. Then the spinor action takes the form i 2g
The compactification modes have the following masses
In order to obtain the massless field theory in R 1,1 , one should take the limit R → 0 and truncate the Fourier expansion to the massless modes. After some lengthy but straightforward computations and after rescaling the fields by a factor of (2πR) 1/2 , one can write down the following action
Here, g = g BLG R − 1 2 is the two dimensional coupling constant. We have denoted by X I a , A αab and Ψ a the zero modes of the corresponding three dimensional fields, and by Φ ab the zero mode of A 2ab . The notation with covariant derivative has been maintained for its simplicity, with the two dimensional covariant derivative given by the usual relation
The action (21) describes a new two dimensional effective field theory. Its massless dynamical field content is given by X I and Ψ in the vector and spinor representations of SO (8), respectively. The fields A α and Φ, which are in the SO(1, 1) vector and scalar representations, respectively, are non dynamical. The theory displays explicitly the original Lie 3-algebra structure. A simple algebra leads to the following equation of motion for
d andˆdenotes a missing term. The spinorial equations of motion have the following form
By varying the action (21) with respect to A αab we obtain the following equation
Finally, the variation of the action with respect to Φ ab leads to the following equation (27) Recall that the fields A µab are the components of a three dimensional topological vector field. Then one can see that A αab and Φ ab are non dynamical fields in two dimensions since the equations of motion (26) and (27) do not produce any dynamical term. Therefore, these two equations should be interpreted as algebraic constraints on the dynamics of the fields X I and Ψ.
Discussion
The main feature of the new type of two dimensional massless field theory obtained in the previous section is its non-associative structured inherited naturally from the BLG theory. In the compactification limit R → 0, the action (21) represents a field theory on R 1,1 with a Lie 3-algebra structure. It has the same action in the case of a positive as well as of a non-positive definite metric on A. The dynamical fields in two dimensions are X I and Ψ, respectively, and they are valued in the Lie 3-algebra A. They are coupled with a topological two dimensional vector field A ab and a scalar field Φ ab which are anti-symmetric endomorphisms from End(A).
A first step to interpret this theory at R → 0 is to understand the predominant terms in different limits of its coupling constant g that is determined by the coupling constant g BLG of the BLG-theory. Let us suppose that the range of g BLG is the full positive semi-axis R + . Then the weak coupling limit of (21) can be obtained from the g BLG → 0 limit of the BLG theory. The predominant interaction terms in decreasing strength order are: ΦXΦX; V (X); ΨΦΨ; ΨXXΨ, AXAX; ΨAΨ, AX∂X, (AAΦ − AΦA + ΦAA). However, rescaling the fields by the (2πR) 1/2 factor which amounts to the rescaling of the coupling constant g ′ 2 ∼ g 2 /R shows that the weak coupling corresponds to g ′ = constant. Then one can see that the predominant interactions of the dynamical fields are with the scalar field Φ, i. e. ΦXΦX and ΨΦΨ.
The strong coupling limit of the theory on R 1,1 can be obtained either from g BLG = constant or g BLG → ∞. In the case of g BLG = constant, the field Φ still interacts strongly with the X's fields and much weaker with the Ψ field (the latter is of the same magnitude as g BLG .) This suggests that a possible supersymmetry of the system in X and Ψ could be broken in the strong coupling regime which is a quite puzzling situation because one would expect a superconformal theory at strong coupling, from the original N = 8 superconformal symmetry. (Note that the theory is not invariant under the two dimensional conformal transformations due to conformal breaking terms in the action.) On the other hand, in the strong coupling limit obtained from g BLG → ∞ the coupling between X and Φ is undetermined and the interaction of both X and Ψ with the Φ field can have the same strength. Thus, the supersymmetry of the two dimensional theory could be preserved in the strong coupling limit of BLG model.
At a fixed energy scale, the effective coupling constant g 2 ef f = g 2 /E of the theory given by the action (21) depends on g BLG , too. From that, one can see that the weak coupled BLG can produce a low energy field theory in R 1,1 at g 2 = constant which is either strongly coupled or undetermined, e. g. if g
2 ∼ E and the energy scale is small but finite. Another possibility is g 2 → 0 for which the effective field theory is either undetermined or has a weak constant coupling if the energy scale is low but finite. However, the high energy theory is generally weakly coupled. The strong coupled BLG theory generates a strongly coupled low energy theory in two dimensions and an either weakly coupled or an undetermined theory at high energies.
Let us turn now to another important property of theory given by (21) that can be noted by compactifying a spacetime direction along x 1 or x 2 , and by taking the limit g BLG → ∞ while keeping R constant. Since the fields X I 's have only transversal components, they will stay in 8 v . If the two dimensional fields are supposed to be univalued, the relations (14)- (16) continue to hold. As mentioned above, the invariance of the action (21) under the two dimensional conformal transformations should not hold in general. In fact, by passing to unscaled fields, the only surviving terms in this limit are the kinetic terms for X and Ψ fields and f abcd ǫ αβ (A αab ∂ β Φ cd + Φ ab ∂ α A βcd ). It is easy to verify that if the invariance of the three terms under an arbitrary conformal transformation is imposed, the action (21) takes the familiar form
One is tempted to interpret the equation (28) a , where ρ is the spacetime compactification radius, n ∈ Z and ξ 8 a is a constant Lie 3-algebra value vector, the symmetry of the bosonic fields breaks to U(1) × SO(7). This case was analysed in [60] in the context of N = 6 Chern-Simons theory where the correct Nahm equation for multiple D2 ending on D4 was obtained.
In the above analysis, the main hypothesis that g BLG ∈ R + holds only if the BLGmodel is understood as an independent field theory in three dimensions. In the context of M-theory, the interpretation of the BLG-model as the particular case N = 2 of the SU(N) × SU(N) Chern-Simons theory developed in [61] suggests that the coupling constant g BLG have an upper nonzero bound. Indeed, from the quantum consistency of the action, the coupling constant should be quantized as g −2 BLG ∈ N, which would correspond to the k-th level of the SU(2) × SU(2) Chern-Simons theory. Then the interpretation of the two dimensional theory follows from the general case of a constant and finite coupling g BLG discussed in the previous paragraph. In the compactification limit R → 0 the two dimensional theory is strongly coupled or undetermined for k → ∞, while in the decompactification limit it is weakly coupled. The main implication of the finite maximum value of g is that at low energies one obtains a strongly coupled effective field theory on R 1,1 which probably is conformal invariant in the moduli space. However, if the BLG-theory is weakly coupled, the field theory on R 1,1 has undetermined coupling constant. To conclude, by simply performing the compactification of the BLG-theory on the S 1 , we have obtained a non-associative field theory in two dimensions. If it is viewed as an independent field theory in two dimensions, (21) presents interesting behavior at strong and weak couplings. In particular, it provides a generalization of the Green-Schwarz superstring to a Lie 3-algebra valued superstring if the two dimensional conformal invariance is imposed. However, when interpreted in the context of M-theory, the effective field theory from (21) is strongly coupled and the superstring generalization is lost. Nevertheless, the effective coupling constant is undetermined at high energies and the superstring interpretation could still hold.
As was mentioned in the introduction, since the M2-M5 system is the strong coupling, D = 11 description of the F1-D4 intersection from Type IIA theory, it would be interesting to see if there is any relationship between the theory obtained in this paper and the effective field theory of F1-strings, perhaps from the point of view of the more general effective field theory on M2-branes given in [61] . Also, that could be a good motivation for a deeper study of the properties of the present theory as an independent field theory in two dimensions and in the context of M-theory.
